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Abstract

This paper considers the problem of enforcing linear constraints containing marking terms,
firing vector terms, and Parikh vector terms. Such constraints increase the expressivity power
of the linear marking constraints. We show how this new type of constraints can be enforced in
Petri nets. In the case of fully controllable and observable Petri nets, we give the construction
of a supervisor enforcing such constraints. In the case of Petri nets with uncontrollable and/or
unobservable transitions, we reduce the supervisor synthesis problem to enforcing linear marking

constraints on a transformed Petri net.

1 Introduction

In this paper we consider a supervisory control problem for discrete event systems modeled as
Petri nets, in which we desire to enforce a certain type of specifications. Thus we have a plant
which is abstracted as a Petri net, and a specification on the behavior of the Petri net plant. We
desire to find a supervisor such that the closed-loop of the plant and the supervisor satisfies the
specification. We restrict our attention to supervisors which can be represented as Petri nets, and
to specifications in the form of conjunctions of inequalities involving the marking, the firing vector
and the Parikh vector of the plant Petri net. We describe such specifications next.

Efficient methods have been proposed in [1, 5, 4, 8] for the synthesis of supervisors enforcing

that the marking p of a Petri net satisfies constraints of the form
Lp<b (1)

The methods address both the fully controllable and observable Petri nets and the Petri nets which
may have uncontrollable and unobservable transitions. The constraints (1) have been extended
in [4, 8] to the form below

Lu+Hqg<b (2)

*Department of Electrical Engineering, University of Notre Dame, IN 46556, USA. E-mail: iordache.l, antsak-
lis.1@nd.edu.



which adds a firing vector term. In such constraints an element g; of the firing vector ¢ is set to 1
if the transition ¢; is to be fired next from u; else ¢; = 0. Without loss of generality, H has been
assumed to have nonnegative elements. In this paper we consider constraints which add to (2) a
Parikh vector term:

Lp+Hqg+Cv<b (3)

In (3) v is the Parikh vector, that is v; counts how often the transition ¢; has fired since the initial
marking po. As an example, Parikh vector constraints can be used to describe fairness requirements,
such as the constraint that the difference between the number of firings of two transitions is limited
by one. Adding the Parikh vector term in (3) increases the expressivity power of linear constraints.
In fact, any supervisor implemented as additional places connected to the transitions of a plant

Petri net can be represented by constraints of the form
Hqg+Cv<b 4)

The contribution of this paper is as follows. In sections 2.1 and 2.2 we show that any place of a
Petri net can be seen as a supervisor place enforcing a constraint of the form (4). Previously this
property was known for constraints of the form Cv < b and Petri nets without self-loops [3]. Then
we show how to obtain supervisors enforcing constraints (3) in Petri nets. We first give the solution
for the case of fully controllable and observable Petri nets in section 2.3. Then, in section 2.4 we
turn our attention to Petri nets which may have uncontrollable and unobservable transitions. There
we first define admissible constraints as the constraints for which the method for fully controllable
and observable Petri nets can still be used. Admissibility tests are provided. Then, by using net
transformations, we reduce our problem to the supervisory synthesis problem for constraints of the
form (1), for which effective methods exist. Our approach also extends the indirect method of [4]
on enforcing constraints (2), as both coupled and uncoupled constraints can be considered. Finally,
an example is given in section 2.5.

In the literature, Parikh vector constraints and marking constraints have been separately con-
sidered for vector DES (VDES) in [3]. The VDES considered in [3] correspond to Petri nets without
self-loops. It has been shown there how to construct the optimal controller via integer program-
ming. A less computationally burdensome approach, however not always optimal, has been given
in [5, 4], which considers marking constraints and firing vector constraints. This paper extends

some of the approaches of [5, 4] by including the Parikh vector constraints of [3].

2 Constraints Involving the Parikh Vector

2.1 An alternative algebraic representation of Petri nets

We will denote by D the incidence matrix, and by DT and D~ its components corresponding to

weights of arcs from transitions to places, and weights of arcs from places to transitions, respectively.
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Figure 1: Petri nets for Example 2.1

The common algebraic Petri net representation is via the following state equation:
p=po + Dv (5)

where p is the marking, pg is the initial marking, D the incidence matrix, and v is the Parikh
vector; that is, for all ¢, v; counts how often the transition t; has fired since the initial marking.
The operation of a Petri net can also be described through inequalities of the form (4). Indeed,

from (5) we derive:
(=D)v < po (6)

Let C = —D. The inequality Cv < pg determines the operation of a Petri net only if the net has

no self-loops. To deal with self-loops, an additional term is introduced:
Hq+ Cv < g (7)

where

- { Df, if D;j%O -
0 otherwise

Note that H;; > 0 for all indices ¢ and j. The vector ¢ has the following meaning. After we fire

from g a sequence o of firing vector v, the transition ¢; is enabled iff Hq® + C(v + ¢®™) < po,

where ¢ is the vector with zero elements except for the #’th one, which is one. We summarize

this result in the following proposition:

Proposition 2.1 Let o be a firing sequence, v the firing vector corresponding to o, and g — .
The transition t; is enabled by p iff Hq + C(v -l—q(i)) < wo, where ¢ has all elements zero except

for the i’th, which is one.

Example 2.1 Consider the Petri nets of Figure 1. The Petri net (a) is not restricted: the firings
of t1, to and t3 are free. Thus H and C are empty matrices. By adding the places p1, p2 and p3 as



in the Petri net (b), we obtain the following inequalities for (7):

(%1 S 3 (9)
Vg — U3 S 0 (10)
—vg+uvy < 1 (11)

where the inequalities are generated, in this order, by pi, p2, and p3. The inequalities of the Petri

net (c) are:
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Note that both p and v can describe the state of a Petri net. We choose to denote by R(N, o)
all pairs (p,v) such that pg 2 i, and the Parikh vector of the firing sequence o is v.

In the literature it has been noticed that Petri nets without self-loops correspond to inequalities
Cv < o [3]. In this section we have shown how to represent general Petri nets, which may also

have self-loops.

2.2 Enforcing Generalized Linear Constraints

We consider the problem of enforcing constraints via supervision. Given a Petrinet N' = (P, T, F, W),
we restrict our attention to supervisors which are defined as follows. Let! M C NIPI x NITI. A
supervisor of A/ is a map = : M — 27 which associates to each state (y, v) the set of transitions
which may fire. For simplicity, we will also call supervisor the Petri net implementation of a su-
pervisor Z. We say that A is in closed-loop with Z if = supervises the operation of N'. When N
has the state (u,v) and N is supervised by Z, a transition ¢ cannot be fired unless (u,v) € M and
t € Z(u,v). We denote by (N, uo, Z) the Petri net (N, uo) in closed-loop with E. Given (N, po, Z),
we denote the set of all reachable states (i, v) by R(N, po, Z).

Next we define the type of constraints we desire to enforce via supervision. In [5, 8], constraints
of the form

Lp+Hqg<b (15)

have been considered. We propose the following generalized form:
Lp+Hqg+Cv<b (16)

The generalized type of constraints is more expressive. As an example, consider the Petri net of

Figure 2. There is no place invariant involving the control place C, so the control place cannot be

!1X| denotes the number of elements of X.



described by (15). However the following constraint in the form (16) describes it:
—v1 + Vo + U3 < 1

In fact, every place of a Petri net can be seen as a control place restricting the firings of the net

transitions. This result is stated next.

Proposition 2.2 FEvery place of a Petri net can be seen as a control place enforcing a single
inequality of the form (16).

Proof: The proof follows immediately from (7) and (8). Thus, the constraint of each place p; is
hq + cv < po;, where h and c are the ¢’th rows of H and C. O

It can be noticed that negative entries in H have no effect. Therefore, without loss of generality,
we can assume that

Hi; >0 (17)

for all indices ¢ and j.

We say that a supervisor = enforces (16) on a Petri net (N, ug) if V(u,v) € RN, po, Z): (16)
is satisfied. We say that = optimally enforces (16) if V(u,v) € R(N, uo, E): (a) Z is defined at
(u,v), and (b) a transition ¢; enabled in the plant (N, u) is disabled by E at (u,v) (i.e. t; ¢ Z(u,v))
iff firing t; leads to a state (i/,v') such that Ly’ + Cv' £ b or Ly + Hq® + Cv £ b, where ¢ is

the vector ¢ corresponding to firing ¢;.

2.3 Supervisor design in the fully controllable and observable case

In the case of Petri nets in which all transitions are controllable and observable, it is possible to
optimally enforce constraints of the form (16). The method below appears as a simple extension of

the formulas given in [6] for constraints of the form (15). Thus we first define:

D)t = max(0,—LD —C) (18)
D, = max(0,LD + C) (19)

lc



Then we define:
Df = D} +max(0,H — D;)) (20)
D.; = max(D,, H) (21)

Note that in equations (18-21) the operator max is defined as follows. If A is a matrix, B =
max(0, A) is the matrix of elements B;; = 0 for A;; < 0, and B;; = A;; for A;; > 0. For two
matrices A and B of the same size, C' = max(A, B) is the matrix of elements C;; = max(A;;, B;j).

The matrices D} and D_ describe a Petri net structure with the same transitions as the plant.
This Petri net structure represents the Petri net implementation of the supervisor. The initial

marking p.o of the supervisor depends on the initial marking g of the plant as follows:
Heo = b— LHO (22)

We call the places of the supervisor control places.

Theorem 2.1 Assume that we have a fully controllable and observable Petri net of incidence
matriz D and initial marking po. Assume also that pg satisfies (16). The supervisor defined by the
incidence matrices DI and D of (20) and (21) and of initial marking given by (22) is a supervisor
optimally enforcing (16).

Proof: First we prove that throughout the operation of the closed-loop PN, the supervisor marking
e satisfies

e =b—Cv—Lpu (23)
Then we prove that a transition ¢; is enabled if and only if Ly +Cv’' < b and Lu+ Hq® + Cv < b,
where 1/ is the marking that would be reached by firing ¢;, i.e. ' = p+ Dg®, v/ = v+ ¢@, and
¢ is the column vector with the i-th entry one and the other entries zero.

The initial marking of the supervisor satisfies (23), as the initial value of v is 0. Now, assume
(23) satisfied and consider firing a transition ¢;. Let p. be the next reached supervisor marking.
Since p' = p+ Dq¥, we are to prove that p, = p.— (C + LD)q". Note that p!, = p.— (C+ LD)q®
& pe = pe+ (D — Dy). In view of (20) and (21), for all indices j, if Hj; > Dy, then

e = fiej + (DF = D7)ji & pej = pej + (Djf. = D;.)ji- The same can be verified in the case

lc

Hj; < Dy, ;;- Therefore we can conclude that . = pc — (C + LD)q®.
Note that as p. satisfies (23) and u. > 0, we have that Lu+Cv < b. The transition ¢; enabled in
the plant is also enabled in the closed-loop if and only if p. > D ¢ < pe > max(0,LD+C, H )q(i)
& [pe > max((LD + C)g®, HgN] A [ue > 0] & (Lp/ + Cv' < b) A (Lp + Hq® + Cv < b) A

(Lp+ Cv <b). This concludes the proof. O

The proof of the theorem has shown that the supervisor marking . always satisfies (23). This
implies that the supervisors we build for (16) may not create a place invariant. Note also that if
we substitute (22) and p = po + Dv in (23), we have that

fe = o — (C + LD)v (24)
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Figure 3:

2.4 Supervisor design in the case of Petri nets with uncontrollable and/or un-

observable transitions
2.4.1 Admissibility

We say that a transition is uncontrollable if the supervisors are not given the ability to directly
inhibit it. A transition is unobservable if the supervisors are not given the ability to directly detect
its firing. In our paradigm the supervisors observe transition firings, not markings. For instance,
consider the Petri net of Figure 3. First assume that #; is controllable and ts is uncontrollable.
Then in case (a) ty cannot be directly inhibited; it will eventually fire. However in case (b) to
can be indirectly prevented to fire by inhibiting ¢;. Now assume that ¢ is unobservable and t3
is observable. This means that we cannot detect when ¢ fires. In other words, the state of a
supervisor is not changed by firing to. However we can indirectly detect that t¢o has fired, by
detecting the firing of 3.

We are interested in admissible constraints, that is constraints which can be optimally enforced
as in section 2.3, in spite of our inability to detect or control certain transitions. We formally define

admissibility as follows.

Definition 2.1 Let (N, ug) be a Petri net. Assume that we desire to enforce a set of constraints
(16). Consider the supervisor defined by (20), (21), and (22). We say that the constraints (16) are
admissible if for all reachable states (u,v) of the closed-loop net it is true that:

1. Ift is uncontrollable and t is enabled by? p|n in N, then t is enabled by p in the closed-loop

net.

2. If t is unobservable and t is enabled by p, firing t does not change the marking of the control

places.

Note that condition 2 in the definition corresponds to the requirement that the unobservable
transitions which are not dead at the initial marking of the closed-loop net, have null columns in
D. = D} — D, (where D and D_ are defined in (20) and (21)). For general Petri nets it may
not be easy to check whether a constraint is admissible. However, when the supervisor part of the

closed-loop Petri net is bounded, we have the following algorithm:

2We denote by p|n the restriction of p to the places of N.



Figure 4:

1. Construct the coverability graph of the closed-loop Petri net. (The usual coverability graph
construction is proposed; see [2, p. 171] or [7, pp. 66-71].)

2. For every node of the graph check the following;:

Let i be the marking labeling the current graph node

(a) Is any uncontrollable transition not enabled by u, but enabled by | in N7 Then exit

and declare that the constraints are inadmissible.

(b) Is any unobservable transition enabled by u such that firing ¢ changes the marking of

the control places? Then exit and declare that the constraints are inadmissible.

3. Declare the constraints admissible.

The example of Figure 4 shows that it is not easy to extend the algorithm when the supervisor
part of the closed-loop Petri net is unbounded. In the example, ¢ is uncontrollable and C is the
control place corresponding to the constraint 4go — v; < 0. It can be seen that we cannot detect
from the coverability graph of the closed-loop net (constructed with the usual approach [2, 7]) that

the constraint is inadmissible.

2.4.2 Structural admissibility analysis

The coverability graph computation is usually time expensive. Alternatively, we may attempt to do
a structural admissibility analysis. Structural admissibility analysis attempts to prove admissibility
properties based on the structure of the Petri net, rather than the initial marking. Thus, from the
structural perspective, the question is whether the constraints are admissible for all initial markings
satisfying them or not.

A computationally simple test for marking constraints Ly < b to be admissible is that LD, < 0
and LD, = 0 [4, 5], where D, and D,,, are the restrictions of the incidence matrix D of the plant to

the uncontrollable and unobservable transitions, respectively. In terms of the Petri net representing

the supervisor, this corresponds to requiring D,

and D 4, to have null columns, where DE, ue and

D, 4o are the restrictions of D; and D, to the columns of the uncontrollable and unobservable



transitions, respectively. It can be easily seen that requiring D_,,.

and D, 4, to be null matrices is
also a sufficient condition for admissibility in the case of the general constraints (16). This is stated

in the next proposition.

Proposition 2.3 The constraints (16) are admissible at all initial markings if both D, and

D¢ . are null matrices.

The condition D, ,, = 0 ensures that for any uncontrollable transition, a control place is either
not connected to it, or is connected to it with input and output arcs of equal weight. The condition
D, = 0 insures that no control place is in the preset of an uncontrollable transition.

Let T) . be the set of uncontrollable transitions with nonzero columns in D

c,uc*

Similarly, let
T .0 be the set of unobservable transitions with nonzero columns in D, ,,. The following algorithm

could be used to identify constraints which are indamissible for some initial markings.

1. Assume v = 0 and check whether there are initial markings p of the plant such that

(a) (16) is satisfied.
(b) 3t € Ty ye: tis enabled by the plant and disabled by the supervisor.

If such markings p exist, exit and declare that the constraints (16) are inadmissible for some

initial markings.
2. Assume v = 0 and check whether there are initial markings p of the plant such that

(a) (16) is satisfied.
(b) 3t € T} 40 t is enabled in the closed-loop.

If such markings p exist, exit and declare that the constraints (16) are inadmissible for some

initial markings.

3. Repeat the checks from the steps 1 and 2 for v > 0 rather than v = 0. If no p and v exist
such that the conditions of either of step 1 or step 2 are satisfied, declare the constraints (16)

admissible for all initial markings satisfying them.

The operations of the steps 1 and 2 may require solving integer programs.

2.4.3 On transformations to admissible constraints

When a constraint is admissible, it can be enforced as in section 2.3. However, when a constraint is
not admissible or we cannot discern whether it is admissible, we are interested to transform it to a
form which we know is admissible. Thus we have the following problem. Given a set of constraints

(16) on a Petri net (N, ug), find a set of admissible constraints

Lop+ Hyqg 4+ Cov < b, (25)
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Figure 5: Illustration of the C-transformation.

such that if Z is a supervisor optimally enforcing (25) on (N, ug), then V(u,v) € R(N, po, Z): (16)
is satisfied.

We consider a transformation approach in which we transform the Petri net such that the
constraints (16) are mapped into marking constraints. Then the marking constraints can be trans-
formed to admissible constraints using, for instance, one of the approaches in [4, 5. We begin by

defining the transformations we use.

2.4.4 The C-Transformation

We illustrate the idea of the transformation on an example. Consider the Petri net of Figure 5(a),

and assume that we desire to enforce the following constraint of the form (16):
pr+qrt+ve—v3 <3 (26)

The idea of the transformation is to transform the net such that the Cv term is transformed into
a marking term. This is why we call the transformation C-transformation. Thus, by transforming

the net as in Figure 5(b), (26) can be written without referring to v:

p1+ gt ps—ps <3 (27)

We say that the Petri net of Figure 5(b) and the constraint (27) are the C-transformation of the
Petri net of Figure 5(a) and of (26).

The inverse C-transformation is also possible. Given the constraint
p1—3pa + 205 +q1 <5 (28)
on the Petri net of Figure 5(b), we can map it to
11+ q1—3vg +2v5 <5 (29)
in the original Petri net. We proceed next to formally define the direct and inverse transformations.

The C-Transformation

10



Input: The Petri net N' = (P, T, F,W), the constraints Ly + Hq + Cv < b, and optionally the

initial marking pug.

Output: The C-transformed Petri net Ng = (Po,T, Fo, W), the C-transformed constraint
Lopc + Hq < b, and the initial marking poc of Ne.

1. Initialize N¢ to equal N, L¢ to L, and let k = |P|.
2. For i =1 to |T

If C;, the i’th column of C, is not zero

i. Setk=k+1
ii. Add a new place py to N¢ such that pre = () and epy = {¢;}.
iii. Set Lo = [Le, Cy) and poc = [pdeo, 017

The C~!-Transformation

Input: The Petri net N = (P, T, F,W), the C-transformed net N¢ = (P¢, T, Fo,W¢), and a set
of constraints Louc + Hqg < b on N¢.

Output: The C~!-transformed constraint Ly + Hq + Cv < b.

1. Set L to L¢ restricted to the first |P| columns and C' to be a null matrix.
2. For i = |P|+1 to |P¢|
(a) Let j be the transition index such that ep; = {¢;}.
(b) Set Cj = L. 3
Lemma 2.1 Consider the notations of the C-transformation. We have that:
1. Lu+ Hq+ Cv < b is admissible in (N, uo) if Lopc + Hq < b is admissible in (N¢, poc)-

2. Let Lyp+H1q+Chv < by be a set of constraints in N, and Lo1puc+Hiq < by the corresponding
constraints in the C-transformed net N¢. Let Loopc + Haq < by be a set of admissible
constraints in (N, o), and Loy + Haq + Cov < by be the C~-transformation of Lospc +
Hyq < by. Let Z¢ be a supervisor optimally enforcing Loopc + Haq < by in (Ng, poc), and
= a supervisor optimally enforcing Loy + Haq + Cov < by in (N, o). Then (V(uc,ve) €
R(Nc, o, Zc): Leipe + Hig < b)) = (V(p,v) € RN, 1o, 2): Lip+ Hig+ Civ < by).

The proof of this lemma can be carried out similarly to the proof of Lemma 2.2, in the next

section.

11



(b)

Figure 6: Example for the H-transformation.

t.

Figure 7: Illustration of the transition split operation.

2.4.5 The H-transformation

This transformation is a modification of the indirect method for enforcing firing vector constraints
in [5]. We illustrate it on an example. Consider the Petri net of Figure 6(a). Assume that we desire
to enforce

p1+ po +2u3+93 <5 (30)

Then we transform the Petri net as shown in Figure 6(b). The transformation adds a place and a
transition which correspond to the factor g3. The transformed constraint is

w1+ po 4 2us + 4ps <5 (31)

where the term 5pu5 is obtained as follows. Consider firing ¢3 in the transformed net. If p N 74

and a is the coeflicient of us, we desire
a+ py + po + 2p5 = 1+ py + p2 + 2p3
where the factor 1 is the coefficient of g3 in (30). Thus we obtain a = 5.
Next we formally define the H-transformation.
The H-Transformation

Input: The Petri net N' = (P,T,F,W), the constraints Ly + Hq < b, and optionally the initial

marking .

Output: The H-transformed Petri net Ny = (Py,TH, Fg, Wg), the H-transformed constraint
Lypy < b, and the initial marking pog of Ng.

3C; /Lo, is the column j/i of C'/Lc.

12



1. Initialize Ny to equal N, Ly to L, and let j = |T'| and k = | P|.
2. For i =1 to |T|

If H;, the 7’th column of H, is not zero
i.Setj=j+1and k=k+ 1.

ii. Add a new place pj and a new transition ¢; to Ny as in Figure 7, where ¢; has the

same controllability and observability attributes as ;.
iii. Set Ly = [Ly, H; + LD; ] and pop = [uldy, 0]7, where D; is the i'th column of
D~, and D~ corresponds to N.

The H !-Transformation

Input: The Petri net N = (P, T, F,W), the H-transformed net Ny = (Py,Ty, Fg,Wg), and a

set of constraints Lyug < b on Ny.

Output: The H™!-transformed constraint Ly + Hq < b.

1. Set L to Ly restricted to the first | P| columns and H to be a null matrix.
2. For k =|P|+1 to |Py]|

(a) Let i be the transition index such that epy = {t;}.
(b) Set Hz = LH,k — LHD;I,z 4

Lemma 2.2 Consider the notations of the H-transformation. We have that:
1. Lu+ Hq < b is admissible in (N, uo) if Lypg < b is admissible in (Ng, pom)-

2. Let Lyp+Hyq < by be a set of constraints in N', and L1y < by the corresponding constraints
in the H-transformed net Ny. Let Lyopg < be be a set of admissible constraints in (Ng, porr)
and Loy + Haq < by be the H~'-transformation of Lioprg < ba. Let Zg be a supervisor
optimally enforcing Lygopp < by in (N, pom), and Z a supervisor optimally enforcing Loy +
Hyq < by in (N,po). Then (V(pm,ve) € RNu,por,Zr): Lmipg < b1) = (V(p,v) €
RN, 10,Z): L+ Hig < by).

Proof: First, we introduce the following notation. If a transition ¢; is split in the H-transformation
as in Figure 7, let o (t;) be the firing sequence t;t;. If a transition ¢; is not split, let ox(t;) equal
ti. If 0 =t1to ... is a firing sequence in NV, let oy (o) = oy (t1)on(ta). . ..

1. The proof is by contradiction. Assume that Ly + Hq < b is not admissible. Let = be
the supervisor of (N, o) in Definition 2.1. Similarly, let =g be the supervisor of (Ng, pom) in

4H,-/LH,;€/D;“ is the column ¢/k/i of H/Ly /Dy, and Dy; corresponds to Nx.

13



Definition 2.1. Then there is a (possibly empty) sequence o = tits ...t in (N, ug, Z) such that
1o N 751 L, W2 .. P, g does not satisfy the requirements 1 and/or 2 of Definition 2.1, but all of
Ho - - pg—1 satisfy them. Then it can be seen that in (Ng, uog, Zxg) we have that oy aﬁ) WkH
where pg(p) = 0 for all places p created in the step ii of the H-transformation, and pg = prg|nr-

Case 1: ui does not satisfy the requirement 1 of Definition 2.1. Then there is an uncontrollable
transition ¢; of N such that at the marking p; we have that t; is disabled by = and t; is enabled
in the plant A. Let ppi1 and pg+1 g be the markings obtained by firing ¢; and oy (t;) in the
plants N and Ny, respectively. Note that: Luy = Lyugg and Lug,q = Lypgs+1,a- We have two
possibilities: (a) og(t;) = ti; (b) om(t;) = titj. In case (a), Lug41 £ b, 50 Lgpgr1,a £ b. Therefore
2y has to disable the uncontrollable transition ¢;, which is a contradiction, since Lyug < b is
admissible. In case (b), let p1 ;; be the marking of Ny such that pgp iy Wy~ We have that either
Ly + H;q® Z bor Lugy1 £ b. Note that Lypy ;= Lug + H;¢® and Lypg+1,0 = Lppg41. The
first situation implies that =g disables the uncontrollable transition ¢;, while the second that =g
disables the uncontrollable transition ¢;. Both are a contradiction.

Case 2: g does not satisfy the requirement 2 of Definition 2.1. Then there is an unobservable
transition ¢; of N such that at the marking p we have that t; is enabled, Z allows it to fire,
Lk N i1, and Lyg # Lpgiq. Using the same notation as in Case 1, we have that Lyurg #
Luprs1,a- If op(t;) = t;, this contradicts that Lyug < b is admissible. If o (t;) = tit;, either
Lupra # Lupyy or Lapy g # Lupks1,m; both contradict the admissibility of Lyug < b, as both
t; and t; are unobservable.

2. The proof is by contradiction. So we assume that =g enforces Lyipun < b; and E does not
enforce Lipy + H1qg < b. Then there is a (possibly empty) sequence o = tits ...t in (N, ug, =)
such that pg BzIN 751 2N W ... pg, and py is the only one of pg ... g such that Lipuy, £ by and/or
Lipy + Hyq® «£ by for some transition ¢; enabled at uj and allowed by = to fire. Note that o (o)
is enabled by poy in (Ny, pom, Zx). Using the notations from part 1, we have that Lypury £ b,
and/or L)y £ bi, since L)y = Lipg + Hi¢9. Both are contradictions. O

2.4.6 Algorithm for the transformation of a constraint to an admissible constraint

We can use the C- and H-transformations to obtain admissible constraints as follows.
Input: The Petri net NV, the constraint Lu+ Hq+ Cv < b, and optionally® the initial marking p.

Output: The admissible constraint L, + Hyq 4+ Cov < b,

1. Initialize L,, H,, and C, to L, H, and C, respectively.

2. Apply the C-transformation. Let N¢, Louc + Hq < b, and pgc be the C-transformed net,

the constraints, and the initial marking, respectively.

°Tt is possible to carry out the algorithm independently of the initial marking.
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Figure 8: Plant Petri net in the example.

3. Apply the H-transformation to N¢, Louc + Hq < b, and poc. Let Nye, Lycpnc < b, and

prco be the H-transformed net, the constraints, and the initial marking, respectively.
4. Test whether Lycopumgc < bis admissible. If so, exit, and declare Lu+ Hq+Cv < b admissible.

5. Transform Liycoppge < b to an admissible constraint Lycoq.umo < bs, such that a supervisor
optimally enforcing Lycqprnc < b, also enforces Lyoppe < b.6 In case of failure, exit, and

declare failure to find admissible constraints.

6. Apply the H™'-transformation to Lyceprc < be. Let Logpc + Haq < by be the transformed

constraint.

7. Apply the C~!-transformation to Lcogpuc + Heq < be. Set Loy + Haq 4+ Cov < by to the

C~ltransformed constraint.

Theorem 2.2 Assume that the algorithm does not fail at step 5. Then Ly + Hoq + Cov < by, is

admissible, and a supervisor optimally enforcing it enforces also Ly + Hq+ Cv < b.

Proof: The proof is an immediate consequence of Lemmas 2.1 and 2.2. O

2.5 Example

Consider the plant Petri net of Figure 8. It corresponds to a region of a factory cell in which
autonomous vehicles (AV) access a restricted area (RA). The number of AVs which may be at the
same time in the RA is limited. The AVs enter the RA from two directions: left and right; AVs
coming on the left side enter via t4 or t13, and AVs coming on the right side via t5 or t14. The AVs

exit the restricted area via tg or t19. The total marking of p;, ps and p; corresponds to the number

6 Any of the approaches in [4, 5] can be used. Approaches generating disjunctive constraints can also be used by

applying the steps 6 and 7 to each component of the disjunction.
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Figure 9: Closed-loop Petri net.

of left AVs waiting in line to enter the RA; only one AV should be in the states ps and p7, that is
o + p7 < 1. The marking of p3, ps4, and pg has a similar meaning,.

Let m be the maximum number of AVs which can be at the same time in the RA; note that
the number of AVs in the RA is vi3 4+ v14 + v4 + v5 — vg — v19. When the number of vehicles in
the restricted area is m — 1 and both a left and a right AV attempt to enter the restricted area
(i.e. both pe + pu7 = 1 and ps + pg = 1), arbitration is required. When an AV is in ps and no
arbitration is required, it can enter the RA without stopping. When arbitration is required, it stops
(enters the state py) and waits the arbitration result. The same apply to p3 and pg. We desire the
following. When an AV enters the RA, if an arbitration was required to decide that it may enter,
the AV should enter via t13 or t14; if no arbitration was required, it should enter via t4 or t5. These

constraints can be written as follows:

2¢s +pa+pr < m— (vig+via +v4+v5 —vg —v1) + 1 (32)
2 +pus+pus < m— (vig+via +v4+v5 —vg —v1) + 1 (33)
mqs < ps3+ pg +vig + vig +v4 +vs — vg — Vg (34)
mge < o+ p7 + V13 + V14 + V4 + V5 — V9 — V1o (35)

In addition we have the requirements that

p2+pr <1 (36)
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p3+pg < 1 (37)
The requirement on the maximum number of AVs in the RA is
V13 + V14 + V4 + U5 — Vg — V10 <M (38)
We add the fairness constraints

V3 — Ve

A
3
=
N

—v3 + Vg < n (40)

As t1,tg,t9,t10 are uncontrollable and tg,t19 unobservable, the constraints (32—35) and (38) are

inadmissible. They are transformed to”

2q5 + po + ps + pe + pr +vis v tvg+vs —vg—vyg < m+1 (41)
2q4 + p3 + ps + pe + g +vis + v +vg+vs —vg—vyg < m+1 (42)
mqs — p3 — ps — ps — p6 — (V13 + V14 +v4 +v5 —v9 —v1g) < 0 (43)
mge — pa — 7 — ps — e — (V13 + V14 +va +v5 —v9 —v1e) < 0 (44)
Vi3 + 4 +vs+vs —v9g—vio+ s+ < m (45)

The closed-loop Petri net is shown next to the plant in Figure 9, where the control places C ... Cy
correspond to the constraints (41), (42), (43), (44), (36), (37), (45), (39), and (40), in this order.

3 Conclusion

Enforcing linear marking and firing vector constraints can be done effectively in Petri nets. This pa-
per has extended this class of constraints to include Parikh vector constraints. Then, we have shown
how these more expressive constraints can be enforced as effectively as linear marking constraints.
Our approach has also enhanced the previous technique for enforcing firing vector constraints in

the presence of uncontrollable and unobservable transitions.
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