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The State Space Representation

A VEery cCommon representation IS

Input Output

A4

10 > y(t)

A, B, C, D are matrices.
[, X, and Y are vectors.
X [S'the state vector.
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The State Space Representation

X: state vector.

= X May represent system variables (displacement,
velocity, voltage, temperature, pressure, etc.)

= Sometimes x does not have an obvious physical
Meaning.

Vi output. May: represent:
= Sensor output (frequency, flow rate, current, etc.)
= Simulation output (variables we wish to visualize).

I Input (such as force, torgue, voltage, etec.)

SS models: not unigue! Equivalent models
obtained depending on the choice of X.
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Obtaining state equations

Write the equations of the system.

Eliminate redundant variables.

a Eliminate variables that are a combination of other
variables.

Examples if vy = v, + v,, substitute v with v; + 5.

s Eliminate variables that appear always withi the same
order off the derivative.

Define state variables, inputs, and outputs.
Jlo obtain’the state eguations:

= Solve for x4, ..., x,, in'terms of x;, ..., x,, and 1y, ..., 7.
= Solve for y;, ..., ¥, in'terms of x4, ..., x, and 7y, ..., 7, .
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Obtaining state equations

Eliminating
edindant
Valiahles——an
EXaPIE:

= Myzs + k(25 = 2;)

0= Fk(z; = 2z3) + k(25 — 2z3)

0= Miz1 + k(27 — %)

The variable z; should be eliminated.
After eliminating z, we obtain:

e

= M;yzs +§(23 — 71)
k

0= M;jz; +E(Z1 — 73)
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Obtaining state equations
Example for ,

IDEfRING State
\/ariaIes;

SOIVING oK Xy, 5

Let r = v, x; = vq,and x, = v,.
r—Xx . ; ;
)= D —_ C1x1 -F C3 (xz — xl)

X
0= §2+ Coity + Cs(5ey — %1)

When selving for x; and x, we obtain:

_ G (T=x1)C3 _
C2+C3 Cl+63

~ R(C1+G5][C3) R(C2+Cq]|C3)

r—X1

X2

X1

and x, =
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Obtaining state eguations

How to choose: state variables:

= For mechanical systems: velocities and displacements;
let z be a displacement.

= For electrical systems:
Inductor currents and capacitor voltages.

Sometimes, voltages and integrals of voltages; let z be a
voltage integral.

In > 1 is the highest derivative order of z:
= Define as state variables

x, = 4D = g0 o =B
= Include the equations
Xn_l — xn 5Cn_2 — xn_l 561 — xZ.
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Obtaining state equations

Additive constants can be'included in variables

Examplesli Mg = Mz + Bz 1tz et
Mg

X1 :Z_T and x, = x4

The eqguation becomes 0 = Mx, + Bx, + kx;

Alternatively, additive constants cani be taken as
the effect off a constant input.

Examples IifMigi = Mz - Bz %z, |et
S = Zy X5 d— X1, dnderi— M|
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Obtaining state equations

The Derivative Grouping method may: be used when the
eguations contain derivatives of Input variables.

EXAMpPIE:

v 4+204+ 3w+ 4w+ 50+ 6w = 7r1 + 875 + 9rs
Rewrite the equation as:

v 4+204+ 3w —8ro+ 4w —7r1+5v+ 6w — 9ro = 0
[Eet snqll == e “—Jwsialld P2 v =9 Sn S Of 7 975 |
Substituting, we obtain:

1 +2x1+3x0—8ro+4x0 —7r; +x3 =0

Let £4 = 425 — 7r1 + x3. Substituting, we obtain:
T1+2x1 + 322 —8ro+ x4 =0

We will take x1 = —2x1 — 3o + 8ro — z4.
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Obtaining state equations

I the highest erder derivative of a variable eguals the
nighest order derivative offan Input, the variable could be
represented by anoutput.

EXAMpPIE:

v=4+ 2w+ 5v 4+ 4w = 471 + 8ro + 3rq

Lietwary ="v & AP fyli= = a1 +'4randdey =A0.
x1+4r1+2xo+5x1+20r1+4x> = 4r1+8ro+ 31y
Let's write the equation in the form

1+ 22>"—3r1+5x1 +4x> + 20r1 — 8ro =0

Let 3 = 521 4+ 42> + 2077 — 8ro. Substituting:

TP 207 #3115 23'=.0

We will take 1 = —2z5 + 3r1 — z3.
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Obtaining state equations

Exampleé: Find a state
space model adequate
for simulating ¢ and v.

Iihe inputs are v; and

V.

Note that G(17; — ©) + G, — v) = i and LZ—i — .

ed A o’ 4 1 +12
WDETE S0 =11, it =l = — St

+ ) .
Vi =V =y T 7"127"2, and Yo = L= ¢, \We obtain

" 1 T1+T2 A 1
X4 ==X, + and x, = ——x,.
L= 72 2L E J0 !

Mechatronics—State Model



Solution of the SS Equation

Note that x(t) depends on
= X(0) — the initial state

= (t) — the input

Let ¢(+) = £ 1 [(31 - A)—l]

X(s) = (sI—A)"12(0)+ (sI — A"L1BR(s)

t
o(t) = ¢(2(0)+ [ &t — T)Br(r)dr
O
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The Relation of SS and TF Models
Conversions TF > SS and SS - TF possible.

Input r = Ax + Br
" g y = Cx + Dr

Output

> y(t)

P () — 11 (o) () Bmia

> y(t)

i -
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Transfer Function of SS Model

Assumes zero initial conditions: x(0) = 0.

Input r = Ax + Br Output
() { y=Cu+ Dr - y()

Y (s) = (C(sI — A)~1B+ D) R(s)+C(sI—A)~1z(0)

By =TT HaTh
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