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The Laplace Transform

e System models involve differential equations.

* The Laplace transform provides a convenient method to solve
differential equations.
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f(#)

Direct Transform

Inverse Transform

* Notation:

LAPLACE DOMAIN

F(s)

* Lower case for time-domain functions: f(t), g(t), ...
* Upper case for their Laplace transform: F(s), G(s), ...
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The Laplace Transform

* The Laplace transform converts a function f(t) from the time
domain to a function F(s) in the Laplace domain.

F(s) = / F(H)e St
el

* Values of f(t) for t <0 do not affect F(s)!

* The Laplace domain is also known as the frequency domain.
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The Step Function

step function

unit step function

* The unit step function is a step function defined as

Ut) = -

e

1

for t <O

fort >0
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The Laplace Transform

F(s) = / F(H)e St
ks

* Values of f(t) for t <0 do not affect F(s)!

* In the context of the Laplace transform, functions are normally
specified for t = 0.

Example: f(t) = sin(3t) means f(t) = sin(3t) fort = 0;
f (t) may have any values fort < 0.

Example: f(t) = 5 means f(t) = 5fort = 0;

Example: If U(t) is the unit step function, then
5U(t) is the same as 5 (since we are in the t = 0 context).
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Applying the Laplace Transform

e Assume a system of differential equations is given.

Example: 24+2z2=y, yv4+y=4, 2(00) =0, y(0) =3

* The Laplace transform can be applied to find the unknowns
beginning with time t = 0.
* Convert the equations to the Laplace domain.

sZ+2Z=Y,sY -3+v =%

* Solve for the unknowns in the Laplace domain.

_ 3s+ 4 _ 35+ 4
Z_s(s-l—l)(s-|—2)' Y_S(S—|—1)

* Apply the inverse Laplace transform to convert the result to the time
domain.

z2=2—et—e2 y=4—etforallt>0
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Example

* All components are ideal:
* No friction
* Springs of zero mass

* Find the displacements as a function of time.
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Example

* Given:
* The initial displacement z;and the initial velocity v;.
* The force f.
* M and k.

* Find the displacements as a function of time.
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Example

Let t = O at the initial moment.

Write the equations of the system.

[Initial condition calculations = z,(07), v,(07).]
Convert the equations to the Laplace domain.
Solve for Z,(s) and Z,(s).

Find z,(t) and z,(t) by inverse Laplace transform.
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Example—Initial Conditions
* fand z;(07) are given.

f=k(zy —z)

o

= £(07) = k(z,(07) = 2,(07)) = z,(07) = 2,(07) — f—(k :

- 07 = K50 = 1207) 2 1,007) = (0 -1
k — -

SO

/\/\ M L /\/\ < L
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Example—In the Laplace Domain

F = k(Z1 - Zz)

0= MSZZZ — MUZ(O_) — MSZz(O_) + kZz + k(Zz — Zl)

__ F+Mv,(07)+Msz,(07) - F

22 = Ms2+k Ly =42y F K
/ £ Zy
s T L
7 . )

PIVEFLTETETETET T
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Example—Back to the Time Domain

Assume f(t) = foU(t). Then, F = % (see formula handout).

F+Mv,(0™)+Msz,(07) B F
L2 = 2M52+k : Zl_Zz_l_E

= z,(t) = %—%cos(\/%t)+v2(0‘)\/¥sin<\/§t>+ZZ(O‘)COS<\/%L“>
= z,(t) = %—%COS(\/%t)+U2(0_)\/gsin<\/%t>+ZZ(O_)COS<\/§I'>
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Calculating the Laplace Transform

* For direct Laplace transform
* Apply the formulas on the handout.

* For inverse Laplace transform:
* Apply partial fraction decomposition first when necessary.
* Apply the formulas on the handout.
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Most Common Mistakes

L{f()g(t)} # F(s)G(s), but
L{f(t) xg(t)} = F(s)G(s)

£{1} # 1, but [£{1} =1

Example:
L{2+ 3t} = L£{2} +3L{t} =2 %

S



Alternative Method for Inverse LT (Optional)

P(s)
Q(s)’
* Since Q(s) is a polynomial, it can be factored as

Q(s)=c-(s—p)" - (s—p)™ - ..- (s —p)"™™
where p4, py, ..., Py are the roots of Q, and ny, is the
multiplicity of the root py,.

* Let R; denote the residue of F(s)eSt at the root p;:

1 dni—1

e : _ n; st
R; (o = D! }L“;;‘l Tt LS —P)MF(s)e”]

* Assume F(s) = where P and Q are polynomials.

* Then:
f(t) =R{+R,+:--+R,
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Alternative Method for Inverse LT—Justification

1 o+ico 1 o+iR
t) = — F Stds = — - i f F std
FO=om), , Feerds =gy ) | Flslerds

_ioo
By Cauchy’s Theorem:
1 1
——— | F(s)eStds = z R; and —f F(s)eStds = z R;
2L J 4 2Tl J g

Re(pj)>0 Re(pj)<o
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The figure shows the curves A and B in the complex plane; the position of a root p; is
marked by an x. 16



Alternative Method for Inverse LT—Justification

As R — oo;
* The integral along the horizontal lines vanishes.
e If t < 0, the integral along the semicircle of A vanishes.

e If t > 0, the integral along the semicircle of B vanishes.
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Alternative Method for Inverse LT—Justification

Therefore:
* Fort <O, f(t) — _ZRe(pi)>a Ri'
* Fort > O, f(t) — ZRe(pi)<a Ri'

In other words:

f(t)=< > Rl-)U(t)—( > &-)U(—t)

Re(p;)<o Re(pi)>o

Since we use the unilateral Laplace transform, the Laplace
transform is calculated with Re(s) > Re(p;) for all p; (or else
the integral would not converge). Therefore,

f(t) =Ry + Ry + -+ Rp)U(E)
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Alternative Method for Inverse LT—Example

2s
(s—1)(s+1) °
If F(s) is obtained with the bilateral Laplace transform

F(s) = joof(t)e_“dt

the following solutions are possible:

1. IfRe(s) < —1,thenf(t) = —(e P +eH)U(-1).

2. If—=1 < Re(s) <1,then f(t) =e tU(t) — etU(—1).
3. IfRe(s) > 1, then f(t) = (e t+et)U(t).

Assume F(s) =

Case 3 is the only possibility with tob)e unilateral Laplace transform
F(s) = f f(t)e stdt
-0

This unilateral Laplace transform is used exclusively in our class.
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